We study an optomechanical system for the purpose of generating a nonclassical mechanical state when a mechanical oscillator is quadratically coupled to a single-mode cavity field driven by a squeezed optical field. The system corresponds to a regime where the optical dissipation dominates both the mechanical damping and the optomechanical coupling. We identify that multi-phonon processes emerge in the optomechanical system and show that a mechanical oscillator prepared in the ground state will evolve into an amplitude-squared squeezed vacuum state. The Wigner distribution of the steady state of the mechanical oscillator is non-Gaussian exhibiting quantum interference and four-fold symmetry. This nonclassical mechanical state, generated via reservoir engineering, can be used for quantum correlation measurements of the position and momentum of the mechanics below the standard quantum limit.
Advancements towards ground state cooling of mechanical systems [1, 2] have proven to deliver major breakthroughs for new developments in the quantum control of massive objects' mechanical motion. These developments now facilitate intensive exploration of cavity optomechanics in the deep quantum regime [3] [4] [5] . Important achievements particularly include the demonstration of macroscopic quantum states such as the motional ground state [6, 7] , the conditional single-phonon state [8] , and the mechanical squeezed state below zeropoint fluctuations [9] . Up-to-date, most optomechanical systems operate in the so-called weak-coupling regime where the optomechanical interaction can be described by a beam-splitter type interaction between photons and phonons, confining the mechanics to Gaussian steady states [3] [4] [5] . In the single-photon strong coupling regime, it has been proposed that the intrinsic nonlinearity of the optomechanical interaction can manifest itself giving rise to non-Gaussian [10] , and nonclassical antibunched mechanical states [11] [12] [13] [14] .
Much theoretical and experimental research in quantum optics focus on the employment of squeezed light [15] , where the quantum fluctuations in one of the quadratures are less than the vacuum fluctuations, to the optical control of a mechanical motion. In this case, the phase-sensitive nature of squeezed light assist various applications including efficient laser cooling of atoms or trapped ions [16] [17] [18] , amplified optomechanical coupling [19] , enhanced quantum synchronization [20] , and generation of mechanical squeezing [21] . As of late, it has been reported that squeezed light can suppress the radiation pressure noise [22] and enhance sideband cooling efficiencies of mechanical systems beyond the quantum back-action limit [23] .
In this work, we theoretically analyze a scheme to generate a nonclassical mechanical state in a quadratic optomechanical setup [24, 25] via photonic reservoir engineering [26] in the weak-coupling regime. We show that the optomechanical system undergoes four-phonon processes leading to the mechanical state being relaxed to a robust four-phonon coherent state. This is provided that the optical cavity field is driven by an external squeezed light and the photon dissipation is the prevailing source of damping in the composite system. The physics underlying the four-phonon process is that photons supplied by the squeezed reservoir are created or destroyed in pairs while a single photon is converted to two phonons in the quadratic optomechanical system. This results in a net four-phonon process for the mechanics, making the steady-state Wigner distribution a four-fold symmetric non-Gaussian distribution. Furthermore, we find that the steady-state Wigner distribution possesses negative regions indicating that the mechanical steady state is nonclassical. It is also shown that the mechanical steady-state displays squeezing in one of the squared quadratures of the mechanical motion. This attribute may be utilized to improve the precision in correlation measurements between position and momentum of the mechanical oscillator.
We consider an optomechanical system where the single-mode of a mechanical oscillator of mass m and resonant frequency ω m is quadratically coupled to a singlemode cavity field of frequency ω c driven by an external monochromatic field of frequency ω L at rate η. In the frame of the driving frequency for the cavity field, the Hamiltonian depicting the optomechanical system is ( = 1)Ĥ
where ∆ c = ω L − ω c is the detuning from the cavity resonance, g
0 is the quadratic single-photon optomechanical coupling coefficient, andâ (b) is the annihilation operator for the optical (mechanical) field. Finally,Ĥ diss accounts for dissipation and decoherence due to the coupling to the squeezed optical reservoir and mechanical bath at finite temperature.
If the external optical driving is strong enough that the steady-state mean intracavity photon number n c = â †â ≫ 1, the optomechanical interaction can be linearized with respect to the optical field operators. This linearization is expressed as g
√ n c is the cavity-field amplified optomechanical coupling strength. Moreover, in this regime, the mechanical oscillator becomes stiffer as its resonance frequency is shifted as ω ′ m = ω m + 2g (2) 0 n c . As detailed in Ref. [28] , if we assume that the external driving field is detuned by ∆ c = −2ω ′ m in the weak-coupling and resolved-sideband limit, we obtain, in the interaction picture with respect to the free field Hamiltonian, the following master equation for the density operator ρ of the composite system:
where
, ρ] accounts for the coherent process in which phonons are created and destroyed in pairs accompanied by the annihilation and creation of one photon in the cavity field at rate g 2 . Damping of the cavity field, at a rate κ, due to the squeezed optical reservoir is taken into account by
where the Lindblad superoperator is given by
We assume that the optical reservoir is ideal such that the strength of the squeezing r and the squeezing direction in phase space θ parameterize µ and ν as µ = cosh r and ν = e iθ sinh r. Finally,
ρ describes the mechanical field dissipation, at rate γ, due to the mechanical reservoir whose temperature is T and the thermal occupation number is n th = [exp( ω m /k B T ) − 1] −1 . In the regime where the optical damping dominates the mechanical dissipation and the optomechanical coupling, the cavity field tends to approach a squeezed state characterized by the optical reservoir on a timescale of 1/κ. On timescales longer than 1/κ, the density operator describing the composite system can be approximated as ρ ≈ ρ m ⊗ ρ o , where ρ m is the reduced density operator for the mechanics and ρ o is the reduced density operator for the cavity field [29] . In this case, the relatively slower dynamics of the optomechanical system is governed by that of the mechanical field. In order to study the mechanical-field driven dynamics, we properly eliminate the reduced density operator for the cavity field by following the standard Born-Markov technique [29, 30] .
The dynamics of the reduced density operator for the mechanics, in the scaled time τ = γt, is then described by the effective master equation
where C 2 = 4g 2 2 /(κγ) is the multiphoton optomechanical cooperativity for the quadratic coupling. Here, the effective coupling between the mechanical oscillator and the squeezed optical reservoir causes the mechanics to experience the quantum jump described bŷ
Note that the mechanical oscillator in this expression is coupled to two independent reservoirs: the intrinsic mechanical reservoir and an effective reservoir stemming from the squeezed optical reservoir. Naturally, the steady-state of the mechanical oscillator depends not only on the independent characteristics of the optical and mechanical reservoirs, but also on how the reservoirs are coupled to the mechanical oscillator. For the system of interest, where the coupling strength to the optical reservoir is much larger than that to the mechanical reservoir, the initial mechanical state quickly approaches a transient state directed by the squeezed optical reservoir. The state is then gradually disturbed by the mechanical reservoir and finally relaxes to an ultimate steady-state determined by couplings to both reservoirs. Provided that
one can neglect the decoherence and dissipation due to the intrinsic mechanical reservoir under timescales when one phonon-losses are negligible (τ ≪ 1). Then the dynamics of the mechanical oscillator can be reduced to
It is noteworthy to see that the mechanical oscillator experiences four-phonon processes in a single quantum jump. The four-phonon process can be readily interpreted as the following. First, the squeezed photons driving the optomechanics are supplied to the cavity in pairs. Since the optomechanical interaction is assumed to be quadratic, one of the photons assists a two-phonon absorption while its pair collaborates a parallel two-phonon emission, resulting in a net four-phonon process for the mechanics. It should be noted that the quantum jump operatorĴ can be compared to the Bogoliubov-mode annihilation operatorβ
whose vacuum is the single-mode squeezed vacuum [27] . In Ref. [9, 31, 32] , a precooled mechanical oscillator is shown to relax to a robust squeezed state, experiencing a quantum jump described by the Bogoliubov-mode annihilation operator in a linear optomechanical setup with modulated coherent driving. However, in our scheme, quadratic coupling aided by the squeezed optical reservoir makes the mechanics go through higher-order quantum jumps and thus leads to higher-order squeezing.
The steady-state for the mechanical oscillator is required to satisfyĴρ = 0 and ρĴ † = 0. We find that if the mechanical oscillator is prepared in the ground state it evolves into a statistical mixture of states before being restored to a pure state. This type of behavior can also be seen in quantum optics where light is coupled to a two-photon absorber [33, 34] . Therefore, the density operator describing the steady-state for the mechanics can be written in terms of the eigenstate of the jump operatorĴ with the zero eigenvalue as ρ ss = |ψ ψ|, where |ψ is the state vector such that
Expanding |ψ in the Fock states basis as |ψ = ∞ n=0 c n |n leads to the recursion relation:
Note from the recursion relation that there are two distinct solutions, one involving only |4m phonon states and a second involving only |4m + 1 phonon states. It is clear from Eq. (10) that a mechanical oscillator prepared in the ground state will evolve into the steady-state
where ( (12) and is plotted in Fig. 1 , highlighting that only every fourth phonon number state, including the ground state, is populated. In the regime where the optical squeezing is weak, r ≪ 1, the jump operator becomesĴ →b 2 so that the initial ground state becomes a dark state from the two-photon absorption process and thus only the ground state is significantly populated. As the squeezing parameter of the optical reservoir is increased, the steady-state phonon number distribution becomes oscillatory and has a long tale in the distribution, akin to the power-law distribution of the thermal distribution [35] . The phonon distribution shown here is can be compared to that of the squeezed vacuum state, where only even number states are populated, whereas here only every fourth number state is populated.
The inset in Fig. 1 shows the steady-state mean phonon number obtained from Eq. (12) and the normalized second-order correlation function g (2) (0) = b †2b2 / b †b 2 of the mechanical oscillator in the steady state as a function of the squeezing parameter. This calculation indicates that the steady-state mean phonon number grows monotonically with the squeezing parameter and the mechanical field exhibits superPoissonian statistics involving highly correlated pairs of phonons.
It is known that if any of Klyshko's figures of merit
n ] (n = 1, 2, · · · ) is smaller than unity, the state is nonclassical and can be used as a relatively simple measure of nonclassicality by means of counting experiments [36] . For the mechanical steadystate shown here, Klyshko's figures of merit are zero for every fourth phonon number state, implying that the mechanical steady-state is nonclassical. Recent experiments employing optical probes with single photon detectors have allowed high fidelity phonon counting measurements giving promise for the detection of these types of nonclassical features in a nonlinear optomechanical resonator [37] .
Note that this nonclassical state is introduced in the context of the generalized squeezing criterion [38] : when two observablesÂ andB obey the commutation relation [Â,B] = iĈ and thus satisfy the uncertainty relation ∆Â∆B ≥ The notion of amplitude-squared squeezing was proposed where the real or imaginary component of the square of the optical field amplitude can be squeezed [39, 40] . In the present work, the steady-state for the mechanics |ψ is a special case of the amplitude-squared squeezed vacuum [41] .
We now turn to investigate the phase-dependent properties of the steady-state mechanical oscillator. It is con- 
). Since the commutation re-
, the corresponding uncertainty relation is
If we write down the jump operatorĴ in terms ofŶ 1 and Y 2 in Eq. (9) following the approach in Ref. [41] , it is apparent that Ŷ 1 , Ŷ 2 , and Ŷ 1Ŷ2 +Ŷ 2Ŷ1 are all zeros and
from the fact that the state |ψ satisfies Ĵ 2 = Ĵ †Ĵ = 0. Therefore, |ψ is not only the minimum uncertainty state for the amplitude-squared variables Y 1 and Y 2 , but it also exhibits squeezing along Y 1 : the variance of Y 1 is always less than the bound of the uncertainty product. This behavior in is shown in Fig. 2 where we plot the quantum fluctuations of Y 1 and Y 2 as a function of the squeezing parameter along side the square-root of the bound of the uncertainty product. Further understanding and insight of the steady-state mechanical oscillator can be gained by investigating the corresponding phase-space distribution. Specifically, we employ the Wigner quasiprobability distribution, W (x, p) = Fig. 3 shows the steady-state Wigner distribution of the mechanics for various squeezing parameters. As illustrated in Fig. 3-(b) and (c), when θ = 0 i.e. Y 1 =x 2 −p 2 , the Wigner density is expanded in the directions of Y 1 = 0 (i.e. p = ±x), and displays the quantum interference along the contours Y 1 = 0 [42] . As illustrated in Fig. 3-(d) , when θ = π i.e.Ŷ 1 =xp +px, the Wigner distribution is stretched along the lines corresponding to Y 1 = 0 (i.e. x = p = 0). The four-fold symmetry originates from the fact that only every fourth number state can be populated [41] . The Wigner density of the mechanical oscillator is positive and high along the lines of symmetry while possessing quantum interferences with negative values between the symmetry lines, which is a signature of a nonclassical state. Since quantum fluctuations in Y 1 are below the standard quantum limit, it may have a potential application for precision measurement of the quantum correlation between the position and momentum of the mechanics below the standard quantum limit.
To conclude, we have analyzed a scheme in which the mechanical state of a quadratic optomechanical system can be engineered to exhibit a robust nonclassical state with a Wigner distribution containing negative regions. We find that a mechanical oscillator initially prepared in the ground state will go through four-phonon processes and relax to a robust pure state if the optomechanical setup is driven by squeezed light. The mechanical steadystate has significant non-zero population in every fourth number state, producing amplitude-squared squeezing and a four-fold symmetric non-Gaussian Wigner distribution. For sufficiently high optomechanical cooperativity, single-quadrature homodyne techniques can be employed
